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ON SUBANALYTIC SUBSETS OF REAL ANALYTIC
ORBIFOLDS
MARJA KANKAANRINTA
Abstract. The purpose of this paper is to define semi- and subanalytic sub-
sets and maps in the context of real analytic orbifolds and to study their basic
properties. We prove results analogous to some well-known results in the man-
ifold case. For example, we prove that if A is a subanalytic subset of a real
analytic quotient orbifoldX , then there is a real analytic orbifold Y of the same
dimension as A and a proper real analytic map f : Y → X with f(Y ) = A. We
also study images and inverse images of subanalytic sets and show that if X
and Y are real analytic orbifolds and if f : X → Y is a subanalytic map, then
the inverse image f−1(B) of any subanalytic subset B of Y is subanalytic. If,
in addition, f is proper, then also the image f(A) of any subanalytic subset A
of X is proper.
1. Introduction
Semianalytic subsets of real analytic manifolds are locally defined by a finite
number of equalities and inequalities of real analytic maps. Thus the definition
of a semianalytic set is analogous to that of a semialgebraic set. Consequently, the
theory of semianalytic sets resembles that of semialgebraic sets. However, there
are essential differences. While the property of being semialgebraic is preserved
by a rational map, the image of a semianalytic set by a real analytic map is not
necessarily semianalytic, not even if the map is proper.
From many points of view, for example when one considers such topics as
triangulations or stratifications, the images of semianalytic sets by proper real
analytic maps are as good as semianalytic sets. This fact led to the concept of
subanalytic sets. Subanalytic sets form the smallest class of sets that contains all
the semianalytic sets and is closed under the operation of taking images by proper
real analytic maps. Locally, subanalytic sets are just projections of relatively
compact semianalytic sets.  Lojasiewicz was the first one to study properties of
semianalytic and subanalytic sets, see [11], although the word ”subanalytic” is
due to Hironaka ([6]). The theory of semianalytic and subanalytic sets was then
developed by Gabrielov ([3]), Hardt ([4], [5]) and Hironaka ([6], [7]).
Orbifolds are generalizations of manifolds. The concept of an orbifold was
originally introduced in 1957 by Satake ([13]), who used the term ”V -manifold”.
The word ”orbifold” is due to Thurston ([14]), who used orbifolds to study the
structure of 3-manifolds in the 1970’s. Locally, an n-dimensional orbifold, where
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n ∈ N, is an orbit space of a finite group action on an open connected subset of
R
n. Maps between orbifolds that take into account the local orbit space structure,
i.e., maps that locally are induced by equivariant maps, are called orbifold maps.
The purpose of this paper is to generalize the concepts of semianalytic and
subanalytic sets to the orbifold case. We begin by discussing real analytic orb-
ifolds in Sections 2, 3 and 4. We show that the quotient space of a real analytic
manifold by a proper real analytic almost free action of a Lie group is a real ana-
lytic orbifold (Theorem 3.1) and that every suborbifold of a real analytic quotient
orbifold also is a quotient orbifold (Theorem 4.2).
Semi- and subanalytic subsets of real analytic orbifolds are introduced in Sec-
tion 6. We show that the closures, interiors, complements, finite unions and finite
intersections of semianalytic (subanalytic) subsets of real analytic orbifolds are
semianalytic (subanalytic) (Theorem 6.4).
We continue by defining semianalytic and subanalytic maps between two orb-
ifolds and show that the definitions are analogous to those of a semianalytic and
a subanalytic map between two real analytic manifolds (Theorem 7.3). Basic
properties of semianalytic and subanalytic maps are considered in the orbifold
case. In particular, we show that the inverse image of a subanalytic set by a sub-
analytic map is subanalytic and that the image of a subanalytic set by a proper
subanalytic map is subanalytic (Theorem 9.3).
By definition, subanalytic subsets of real analytic manifolds are locally pro-
jections of relatively compact semianalytic sets. In Section 10, we show that
subanalytic subsets of real analytic orbifolds can be characterized by the same
property (Theorem 10.1).
We also prove a version of the uniformization theorem for subanalytic subsets
of quotient orbifolds, i.e., we show that if X is a real analytic quotient orbifold
and if A is a closed subanalytic subset of X , then there exists a real analytic
orbifold Y of the same dimension as A and a proper real analytic map f : Y → X
such that f(Y ) = A (Theorem 11.3).
Results of this paper are applied in [10], where subanalytic triangulations of
real analytic orbifolds are studied.
2. Real analytic orbifolds
In this section we recall the definition and some basic properties of an orbifold.
Definition 2.1. Let X be a topological space and let n > 0.
(1) An n-dimensional orbifold chart for an open subset V of X is a triple
(V˜ , G, ϕ) such that
(a) V˜ is a connected open subset of Rn,
(b) G is a finite group of homeomorphisms acting on V˜ , let ker(G) denote
the subgroup of G acting trivially on V˜ .
(c) ϕ : V˜ → V is a G-invariant map inducing a homeomorphism from
the orbit space V˜ /G onto V .
(2) If Vi ⊂ Vj, an embedding (λij, hij) : (V˜i, Gi, ϕi)→ (V˜j , Gj, ϕj) between two
orbifold charts is
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(a) an injective homomorphism hij : Gi → Gj, such that hij is an isomor-
phism from ker(Gi) to ker(Gj), and
(b) an equivariant embedding λij : V˜i → V˜j such that ϕj ◦ λij = ϕi.
(Here the equivariantness means that λij(gx) = hij(g)λij(x) for every
g ∈ Gi and for every x ∈ V˜i.)
(3) An orbifold atlas on X is a family V = {(V˜i, Gi, ϕi)}i∈I of orbifold charts
such that
(a) {Vi}i∈I is a covering of X ,
(b) given two charts (V˜i, Gi, ϕi) and (V˜j, Gj, ϕj) and a point x ∈ Vi ∩ Vj,
there exists an open neighborhood Vk ⊂ Vi ∩ Vj of x and a chart
(V˜k, Gk, ϕk) such that there are embeddings (λki, hki) : (V˜k, Gk, ϕk)→
(V˜i, Gi, ϕi) and (λkj, hkj) : (V˜k, Gk, ϕk)→ (V˜j, Gj, ϕj).
(4) An atlas V is called a refinement of another atlas U if for every chart in
V there exists an embedding into some chart of U . Two orbifold atlases
are called equivalent if they have a common refinement.
Every orbifold atlas V is contained in a unique maximal orbifold atlas, i.e., in
a maximal family of orbifold charts satisfying conditions (1), (2) and (3).
Definition 2.2. An n-dimensional orbifold is a paracompact Hausdorff space X
equipped with an equivalence class of n-dimensional orbifold atlases.
Without further mentioning, we assume that every orbifold has only countably
many connected components.
The sets V ∈ V are called basic open sets in X .
An orbifold is called real analytic (resp. smooth, i.e., differentiable of class C∞),
if each Gi acts via real analytic (resp. smooth) diffeomorphisms on V˜i and if each
embedding λij : V˜i → V˜j is real analytic (resp. smooth).
An n-dimensional orbifold X is called locally smooth, if for each x ∈ X there is
an orbifold chart (U˜ , G, ϕ) with x ∈ U = ϕ(U˜) and such that the action of G on
U˜ ∼= Rn is orthogonal. By the slice theorem (see Proposition 2.2.2 in [12] for the
smooth case and Theorem 2.5 in [8] for the real analytic version), all real analytic
and smooth orbifolds are locally smooth.
Let Y1 and Y2 be real analytic orbifolds with orbifold atlases V = {(V˜i, Gi, ϕi)}i∈I
and U = {(U˜j, Hj, ψj)}j∈J , respectively. Let the groups Gi × Hj act diagonally
on the sets V˜i× U˜j . Then the product Y1× Y2 is a real analytic orbifold with the
orbifold atlas V × U = {(V˜i × U˜j , Gi ×Hj , ϕi × ψj)}(i,j)∈I×J .
3. Real analytic quotient orbifolds
Recall that a map f : M → N is called proper, if the inverse image f−1(K) of
any compact subset K of N is compact. Let G be a Lie group and let M be a
real analytic manifold on which G acts real analytically. If the action of G on M
is proper, i.e., if the map
G×M →M ×M, (g, x) 7→ (gx, x),
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is proper, we call M a proper real analytic G-manifold. Proper smooth G-
manifolds are defined accordingly. The action is called almost free, if every
isotropy group is finite. The following theorem shows that orbit spaces of such
actions are orbifolds. At least the smooth case of the theorem is known, see [1]
p. 536. The proof is presented here, since we failed to find one in literature.
Theorem 3.1. Let G be a Lie group and let M be a a proper real analytic (resp.
smooth) G-manifold. Assume the action of G on M is almost free. Then the
orbit space M/G is a real analytic (resp. smooth) orbifold.
Proof. We prove the real analytic case, the smooth case is similar. Let x˜ ∈ M .
It follows from the real analytic slice theorem that there is a slice U at x˜ and a
Gx˜-equivariant real analytic diffeomorphism U → R
m where Gx˜ acts orthogonally
on Rm, and m = dimM −dim(G/Gx˜) = dimM −dimG. More precisely, we may
consider U as the normal space Nx˜ = Tx˜(M)/Tx˜(Gx˜) of the orbit Gx˜ of x˜ at
x˜. The orbifold charts of M/G are then (U,Gx˜, π) where π : U → U/Gx˜ is the
natural projection.
Since G acts properly onM , it follows thatM/G is a Hausdorff space (Theorem
1.2.9 in [12]) and it also follows that M/G is paracompact.
We check that Condition 3b of Definition 2.1 holds: Let x, y ∈ M/G and
let (U,Gx˜, π) and (V,Gy˜, π) be charts such that π(x˜) = x and π(y˜) = y. Let
z ∈ π(U) ∩ π(V ). Then there is z˜ ∈ U such that π(z˜) = z. For some g ∈ G,
gz˜ ∈ V . Clearly, π(gz˜) = z. Consider U and V asGx˜- andGy˜-spaces, respectively.
We can now apply the slice theorem for those spaces. Thus, let N′z˜ and N
′
gz˜ be the
normal spaces of the orbits (Gx˜)z˜ at z˜ in U and (Gy˜)gz˜ at gz˜ in V , respectively.
Let Nz˜ and Ngz˜ be the normal spaces of the orbits Gz˜ at z˜ and Ggz˜ = Gz˜
at gz˜, respectively. Then Nz˜ is Gz˜-equivariantly isomorphic to N
′
z˜ and Ngz˜ is
Ggz˜-equivariantly isomorphic to N
′
gz˜. There now are real analytic embeddings
λU : Nz˜ ∼= N
′
z˜ →֒ U and λV : Ngz˜
∼= N′gz˜ →֒ V , where λU is Gz˜-equivariant and
λV is Ggz˜-equivariant. Now, Ggz˜ = gGz˜g
−1 and θ : Gz˜ → gGz˜g
−1, θ(h) = ghg−1,
is an isomorphism. The claim follows, since the real analytic diffeomorphism
g : M →M induces a real analytic θ-equivariant isomorphism Nz˜ → Ngz˜. 
Orbit spaces of real analytic manifolds by real analytic proper almost free
actions of Lie groups are called real analytic quotient orbifolds.
Assume X is an n-dimensional smooth orbifold, i.e., an orbifold differentiable
of degree C∞. Assume that X is reduced. This means that all the groups in the
definition of an orbifold chart act effectively. Then it is well-known that X is a
quotient orbifold. More precisely, there exists a smooth manifold M on which
the orthogonal group O(n) acts smoothly, effectively and almost freely such that
the orbit space M/O(n) is smoothly diffeomorphic to X as an orbifold.
It would be nice to have a corresponding result for real analytic reduced orb-
ifolds. The proof of the smooth case is based on the use of the frame bundle over
X , hence it makes use of a smooth Riemannian metric on X . The proof can not
be applied to the real analytic case since, as far as we know, it is not known how
to construct real analytic Riemannian metrics for real analytic orbifolds unless
the orbifold already is known to be a quotient. The smooth result gives a smooth
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quotient orbifold smoothly diffeomorphic to a given real analytic reduced orb-
ifold and, by using results from equivariant differential topology, that quotient
orbifold can be given a real analytic structure. The given real analytic reduced
orbifold and the constructed real analytic quotient orbifold are then smoothly
diffeomorphic. To obtain a real analytic diffeomorphism, one would need to be
able to approximate smooth orbifold maps by real analytic ones in some topology
resembling the Whitney topology for maps between real analytic manifolds.
4. Suborbifolds
In this section we briefly discuss suborbifolds. Suborbifolds will only be used in
Section 11.
Definition 4.1. LetX be an n-dimensional real analytic (resp. smooth) orbifold.
We say that Y is an m-dimensional real analytic (resp. smooth) suborbifold of X
if the following hold:
(1) Y is a subset of X equipped with the subspace topology.
(2) For each y ∈ Y and for each neighborhood W of y in X , there is an
orbifold chart (U˜ , G, ϕ) for X with U = ϕ(U˜) ⊂ W , and a subset V˜ of
U˜ such that (V˜ , G, ϕ|V˜ ) is an m-dimensional orbifold chart for Y and
y ∈ ϕ(V˜ ).
(3) ϕ(V˜ ) = U ∩ Y .
Notice that there exists an alternative definition of a suborbifold. That defini-
tion allows the group of the suborbifold chart to be any subgroup of the group of
the corresponding orbifold chart and gives a strictly larger family of suborbifolds
than ours.
Theorem 4.2. Let X be a real analytic (resp. smooth) quotient orbifold and
let Y be a real analytic (resp. smooth) suborbifold of X. Then Y is a quotient
orbifold.
Proof. We prove the real analytic case, the smooth case is similar. Since X is a
real analytic quotient orbifold, there is a Lie group G and a real analytic manifold
M on which G acts via a proper real analytic almost free action such that the
orbit space M/G equals X . Let π : M → M/G be the natural projection. Then
π−1(Y ) is a G-invariant subset of M on which G acts properly and almost freely.
It remains to show that π−1(Y ) is a real analytic submanifold of M .
Let y ∈ Y and let W be a neighborhood of y in M/G. Then M/G has an
orbifold chart (U˜ , Gy˜, π) where π(y˜) = y, U˜ is a linear slice at y˜ and U = π(U˜) ⊂
W . Moreover, U˜ has a subset V˜ such that (V˜ , Gy˜, π) is an orbifold chart for Y ,
y ∈ π(V˜ ) and π(V˜ ) = U ∩ Y .
Clearly, V˜ ⊂ π−1(Y )∩ U˜ . Since π(V˜ ) = U ∩Y , it follows that π(π−1(Y )∩ U˜) ⊂
π(V˜ ). Thus π−1(Y )∩ U˜ ⊂ GV˜ . Since U˜ is a slice at y˜, it follows that gU˜ ∩ U˜ = ∅,
for every g ∈ G \Gy˜. Hence π
−1(Y )∩ U˜ ⊂ Gy˜V˜ = V˜ . Thus V˜ = π
−1(Y )∩ U˜ and
we see that every orbifold chart of Y is of the form (π−1(Y ) ∩ U˜ , Gy˜, π) where
(U˜ , Gy˜, π) is an orbifold chart of M/G.
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Now, π−1(Y ) can be written as a union of twisted products G×Gx˜(π
−1(Y )∩U˜) =
(G×Gx˜ U˜)∩π
−1(Y ), where the (U˜ , Gx˜, π) are orbifold charts of M/G. Since each
π−1(Y )∩ U˜ is a real analytic Gx˜-manifold, it follows that each twisted product is
a proper real analytic G-manifold. Assume y˜ ∈ G×Gx˜i (π
−1(Y )∩ U˜i), for i = 1, 2.
Then there is a slice U˜ at y˜ such that G×Gy˜ U˜ ⊂ (G×Gx˜1 U˜1)∩(G×Gx˜2 U˜2). Thus
G×Gy˜ (π
−1(Y )∩ U˜) ⊂ G×Gx˜1 (π
−1(Y )∩ U˜1)∩G×Gx˜2 (π
−1(Y )∩ U˜2) and it follows
that π−1(Y ) is a real analytic manifold. The group G acts real analytically on
π−1(Y ), since the action is just the restriction of the action on M . 
5. Semianalytic and subanalytic subsets of real analytic
manifolds
Semianalytic sets were first studied by S.  Lojasiewicz, see [11]. Subanalytic sets
are a generalization of semianalytic sets, considered by Hironaka in [6]. We recall
the definitions of semianalytic and subanalytic sets. See [2], [6] and [11] for their
basic properties. Some elementary properties are also proved in [8].
Let M be a real analytic manifold and let U be an open subset of M . We
denote by Cω(U) the set of all real analytic maps U → R. The smallest family
of subsets of U containing all the sets {x ∈ U | f(x) > 0}, where f ∈ Cω(U),
which is stable under finite intersection, finite union and complement, is denoted
by S(Cω(U)).
Definition 5.1. Let M be a real analytic manifold. A subset A of M is called
semianalytic if every point x ∈ M has a neighborhood U such that A ∩ U ∈
S(Cω(U)).
Finite unions and finite intersections of semianalytic sets are semianalytic and
the complement of a semianalytic set is semianalytic (Remark 2.2 in [6]). Also, the
closure and the interior of a semianalytic set are semianalytic (Corollary 2.8 in [2]).
Every connected component of a semianalytic set is semianalytic, and the family
of the connected components of a semianalytic set is locally finite (Corollary
2.7 in [2]). Moreover, the union of any collection of connected components of a
semianalytic set is semianalytic.
Let A ⊂M . We say that A is a projection of a semianalytic set if there exists
a real analytic manifold N and a semianalytic subset B of M × N such that
A = p(B), where p : M×N → M is the projection. We call B relatively compact,
if the closure B is compact.
Definition 5.2. Let M be a real analytic manifold. A subset A of M is called
subanalytic if every point x ∈ M has a neighborhood U such that A ∩ U is a
projection of a relatively compact semianalytic set.
Every semianalytic set is subanalytic (Proposition 3.4. in [6]). For subanalytic
sets that are not semianalytic, see Example 2 on p. 453 in [6] and Examples
1 and 2 on p. 134–135 in [11]. Finite unions and and finite intersections of
subanalytic sets are subanalytic, and the complement of a subanalytic set is
subanalytic (Proposition 3.2 in [6]). The closure and thus also the interior of a
ON SUBANALYTIC SUBSETS OF REAL ANALYTIC ORBIFOLDS 7
subanalytic set is subanalytic (Corollary 3.7.9 in [6]). Connected components of
a subanalytic set are subanalytic (Corollary 3.7.10 in [6]) and the family of the
connected components of a subanalytic set is locally finite (Proposition 3.6 in
[6]). The union of any collection of connected components of a subanalytic set is
subanalytic.
Definition 5.3. Let M and N be real analytic manifolds and let A be a semi-
analytic (subanalytic) subset of M . A continuous map f : A→ N is called semi-
analytic (subanalytic) if its graph Gr(f) is a semianalytic (subanalytic) subset of
M ×N .
Clearly, every real analytic mapM → N is semianalytic and every semianalytic
map is subanalytic.
We mention yet another important property of subanalytic sets:
Theorem 5.4. Let M and N be real analytic manifolds, let A be a subanalytic
subset of M and let B be a subanalytic subset of N . Let f : M → N be a real
analytic map. Then f−1(B) is a subanalytic subset of M . If, in addition, f is
proper, then f(A) is a subanalytic subset of N .
Proof. Proposition 3.8 in [6]. 
Corollary 5.5. Let M and N be real analytic manifolds, let A be a subanalytic
subset of M and let B be a subanalytic subset of N . Let f : M → N be a sub-
analytic map. Then f−1(B) is a subanalytic subset of M . If, in addition, f is
proper, then f(A) is a subanalytic subset of N .
Proof. Corollary 4.23 in [8]. 
Notice that both in Proposition 3.8 in [6] and in Corollary 4.23 in [8], the state-
ments about the inverse image f−1(B) are for proper maps. However, properness
is not used in the proofs and the satements also hold when f is not proper.
6. Semianalytic and subanalytic subsets of orbifolds
In this section we define semianalytic and subanalytic subsets for orbifolds and
show that the basic properties that hold in the manifold case, mentioned in
Section 5, also hold in the orbifold case.
Definition 6.1. Let X be a real analytic orbifold. A subset A of X is called
semianalytic (subanalytic) if for every point x of X there is an orbifold chart
(V˜ , G, ϕ) of X such that x ∈ V = ϕ(V˜ ) and ϕ−1(A ∩ V ) is a semianalytic
(subanalytic) subset of V˜ .
It is clear from Definition 6.1 that every semianalytic subset of X is also sub-
analytic.
Let M be a real analytic manifold. The trivial group acts on each chart of
M , and it follows that M is a real analytic orbifold. Thus a subset of M can be
semianalytic (subanalytic) either in the manifold sense or in the orbifold sense.
In fact, for a real analytic manifold, the two definitions of semianalyticity (sub-
analyticity) are equivalent:
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Theorem 6.2. Let M be a real analytic manifold and let A ⊂ M . Then A is
semianalytic (subanalytic) in the manifold sense if and only if it is semianalytic
(subanalytic) in the orbifold sense.
Proof. Assume first that A is semianalytic (subanalytic) in the manifold sense.
Let x ∈ M and let (U, ϕ) be a chart of M such that x ∈ ϕ(U). Then ϕ(U) is
an open subset of M and A ∩ ϕ(U) is semianalytic (subanalytic) in ϕ(U). Since
ϕ : U → ϕ(U) is a real analytic diffeomorphism, it follows that ϕ−1(A ∩ ϕ(U)) is
a semianalytic (subanalytic) subset of U . Thus A is semianalytic (subanalytic)
in the orbifold sense.
Assume then that A is semianalytic (subanalytic) in the orbifold sense. Let
x ∈ M . Then M has a chart (U, ϕ) such that x ∈ ϕ(U) and ϕ−1(A ∩ ϕ(U))
is semianalytic (subanalytic) in U . It follows that A ∩ ϕ(U) is semianalytic
(subanalytic) in ϕ(U) in the manifold sense. Thus ϕ(U) is a neighborhood of x
such that A ∩ ϕ(U) is semianalytic (subanalytic) in ϕ(U), and it follows that A
is a semianalytic (subanalytic) in the manifold sense. 
Lemma 6.3. Let X be a real analytic orbifold and let A be a semianalytic (sub-
analytic) subset of X. Let (V˜ , G, ϕ) be an orbifold chart such that ϕ−1(A∩V ) is a
semianalytic (subanalytic) subset of V˜ , where V = ϕ(V˜ ). Let (λ, h) : (U˜ , H, ψ)→
(V˜ , G, ϕ) be an embedding between two orbifold charts and let U = ψ(U˜). Then
ψ−1(A ∩ U) = λ−1(ϕ−1(A ∩ V )) is a semianalytic (subanalytic) subset of U˜ .
Proof. The image λ(U˜) is open in V˜ . Then λ(U˜) ∩ ϕ−1(A ∩ V ) is semianalytic
(subanalytic) in λ(U˜). Since λ is a real analytic diffeomorphism onto the image
λ(U˜), it follows that ψ−1(A∩U) = λ−1(ϕ−1(A∩V )) is a semianalytic (subanalytic)
subset of U˜ . 
The following theorem lists some of the basic properties of semianalytic and
subanalytic subsets of real analytic orbifolds. All properties follow from the
corresponding properties of semianalytic and subanalytic subsets of real analytic
manifolds.
Theorem 6.4. Let X be a real analytic orbifold. Then
(1) Finite unions of semianalytic (subanalytic) subsets of X are semianalytic
(subanalytic).
(2) Finite intersections of semianalytic (subanalytic) subsets of X are semi-
analytic (subanalytic).
(3) A complement of a semianalytic (subanalytic) subset of X is semianalytic
(subanalytic).
(4) A closure of a semianalytic (subanalytic) subset of X is semianalytic (sub-
analytic).
(5) An interior of a semianalytic (subanalytic) subset of X is semianalytic
(subanalytic).
(6) Every connected component of a semianalytic (subanalytic) set is semian-
alytic (subanalytic).
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(7) The family of the connected components of a semianalytic (subanalytic)
set is locally finite.
Proof. Let Ai, i = 1, . . . , n, be semianalytic (subanalytic) subsets of X and let
x ∈ X . For every i, there is an orbifold chart (V˜i, Gi, ϕi), where x ∈ Vi = ϕi(V˜i),
such that ϕ−1i (Ai ∩ Vi) is semianalytic (subanalytic) in V˜i. Let (V˜ , G, ϕ) be an
orbifold chart, where x ∈ V = ϕ(V˜ ), and such that there is an embedding
(λi, hi) : (V˜ , G, ϕ)→ (V˜i, Gi, ϕi), for every i = 1, . . . , n. By Lemma 6.3, ϕ
−1(Ai ∩
V ) is semianalytic (subanalytic) in V˜ , for every i = 1, . . . , n. But then
ϕ−1(
n⋃
i=1
Ai ∩ V ) =
n⋃
i=1
ϕ−1(Ai ∩ V )
is semianalytic (subanalytic) in V˜ . Thus
⋃n
i=1Ai is semianalytic (subanalytic) in
X and Claim (1) follows. The proof of Claim (2) is similar.
Let A be a semianalytic (subanalytic) subset of X and let x ∈ X . Then there
is an orbifold chart (V˜ , G, ϕ) of X such that x ∈ V = ϕ(V˜ ) and ϕ−1(A ∩ V ) is
semianalytic (subanalytic) in V˜ . But then ϕ−1((X \ A) ∩ V ) = V˜ \ ϕ−1(A ∩ V )
is semianalytic (subanalytic) in V˜ . Consequently, X \ A is semianalytic (suban-
alytic) in X and Claim (3) follows.
To prove Claim (4), let A be a semianalytic (subanalytic) subset of X , and
let x ∈ X . Again, there exists an orbifold chart (V˜ , G, ϕ) such that x ∈ V =
ϕ(V˜ ) and ϕ−1(A ∩ V ) is a semianalytic (subanalytic) subset of V˜ . But then
the closure ϕ−1(A ∩ V ) is also a semianalytic (subanalytic) subset of V˜ . Since
ϕ can be considered as the natural projection V˜ → V˜ /G ≈ V , it follows that
ϕ−1(A ∩ V ) = ϕ−1(A ∩ V ). Thus the closure A is a semianalytic (subanalytic)
subset of X .
Since the interior of a set is the complement of the closure of its complement,
Claim (5) follows from Claims (3) and (4).
Let A be a semianalytic (subanalytic) subset of X and let A0 be a connected
component of A. Let x ∈ X and let (V˜ , G, ϕ) be an orbifold chart such that
x ∈ ϕ(V˜ ) = V and ϕ−1(A∩V ) is a semianalytic (subanalytic) subset of V˜ . Then
every connected component of ϕ−1(A∩V ) is semianalytic (subanalytic) in V˜ and
ϕ−1(A0 ∩ V ) is a union of some connected components of ϕ
−1(A ∩ V ). Thus
ϕ−1(A0 ∩ V ) is a semianalytic (subanalytic) subset on V˜ and it follows that A0
is semianalytic (subanalytic). This proves Claim (6). Let then x˜ ∈ V˜ be such
that x = ϕ(x˜). Then x˜ has a neighborhood U in V˜ such that U intersects only
finitely many of the connected components of ϕ−1(A ∩ V ). But then ϕ(U) is a
neighborhood of x that intersects only finitely many connected components of A.
Thus Claim (7) follows. 
7. Semianalytic and subanalytic maps in the orbifold case
Definition 7.1. A map f : X → Y between two real analytic orbifolds is called
real analytic (resp. semianalytic or subanalytic) if for every x ∈ X there are orb-
ifold charts (U˜ , G, ϕ) and (V˜ , H, ψ), where x ∈ U and f(x) ∈ V , a homomorphism
10 MARJA KANKAANRINTA
θ : G → H and a θ-equivariant real analytic (resp. semianalytic or subanalytic)
map f˜ : U˜ → V˜ making the following diagram commute:
U˜
f˜
−−−→ V˜
y
y
U˜/G −−−→ V˜ /H
y
y
U
f |U
−−−→ V
.
It follows that a real analytic (resp. semianalytic or subanalytic) map between
two orbifolds is automatically continuous. Notice that a continuous map f : X →
Y does not necessarily have continuous local lifts f˜ making the diagram in 7.1
commute. A continuous map that does have such local lifts is called an orbifold
map. Thus, in particular, all real analytic, semianalytic and subanalytic maps
between orbifolds are orbifold maps.
A real analytic map f : X → Y is called a real analytic diffeomorphism, if it is
a bijection with a real analytic inverse map.
Lemma 7.2. Let M be a real analytic manifold and let G be a finite group acting
real analytically on M . Let I ⊂ G and let AI be the subset of M consisting of
points x such that gx = x if and only if g ∈ I. Then AI is a semianalytic subset
of M .
Proof. Notice that AI 6= ∅ if and only if I equals the isotropy subgroup of some
point in M . For every g ∈ G, let Ag = {x ∈M | gx = x}. Then
AI = (
⋂
g∈I
Ag) ∩ (
⋂
g∈G\I
M \ Ag).
Let e : M → Rn be a proper real analytic embedding in some euclidean space,
and let
fg : M → R, x 7→ ‖e(gx)− e(x)‖
2.
Then fg is a real analytic map and Ag = f
−1
g (0). Thus Ag is semianalytic. By the
complement rule, also M \ Ag is semianalytic. It follows that AI is semianalytic
as an intersection of finitely many semianalytic sets. 
Compare the following theorem to Definition 5.3:
Theorem 7.3. Let X and Y be real analytic orbifolds and let f : X → Y be a
continuous orbifold map. Then f is semianalytic (subanalytic) if and only if the
graph Gr(f) is a semianalytic (subanalytic) subset of X × Y .
Proof. We prove the semianalytic case. The subanalytic case is similar.
Assume first that f is semianalytic. We show that the graph Gr(f) is a semi-
analytic subset of X × Y . Let (x, y) ∈ X × Y . If y 6= f(x), then y and f(x)
have disjoint neighborhoods. Thus (x, y) has a neighborhood that does not in-
tersect Gr(f) and, consequently, there is nothing to prove. Therefore, assume
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y = f(x). Then there are orbifold charts (V˜ , G, ϕ) and (U˜ , H, ψ) of X and Y ,
respectively, such that x ∈ V = ϕ(V˜ ) and y ∈ U = ψ(U˜) and the restriction
f |V has a semianalytic equivariant lift f˜ : V˜ → U˜ . Then the graph Gr(f˜) is a
semianalytic subset of V˜ × U˜ . Since f˜ is semianalytic and each h ∈ H is a real
analytic diffeomorphism of U˜ , it follows that also the graphs Gr(h ◦ f˜), h ∈ H ,
are semianalytic. Thus
(1) (ϕ× ψ)−1(Gr(f) ∩ (V × U)) =
⋃
h∈H
Gr(h ◦ f˜)
is semianalytic as a finite union of semianalytic sets. It follows that Gr(f) is
semianalytic in X × Y .
Assume then that the graph Gr(f) is semianalytic. We show that f is semian-
alytic. Let x ∈ X , and let (V˜ , G, ϕ) and (U˜ , H, ψ) be orbifold charts of X and
Y , respectively, where x ∈ V = ϕ(V˜ ), f(x) ∈ U = ψ(U˜), and such that there is a
continuous equivariant lift f˜ : V˜ → U˜ of f |V . Choosing V and U to be sufficiently
small, we may assume that (ϕ× ψ)−1(Gr(f) ∩ (V × U)) is a semianalytic subset
of V˜ × U˜ . Now, equation (1) holds and we will show that Gr(f˜) is a semianalytic
subset of V˜ × U˜ .
For any subset I of H , let AI be the set of points (z, w) ∈ V˜ × U˜ such that
(z, w) = (z, hw) if and only if h ∈ I. By Lemma 7.2, each AI is semianalytic in
V˜ × U˜ . It follows that each intersection
BI = (ϕ× ψ)
−1(Gr(f) ∩ (V × U)) ∩ AI
is semianalytic. Now, Gr(f˜) ∩ AI is a union of some connected components of
BI that form a locally finite family in V˜ × U˜ . Since connected components of
semianalytic sets are semianalytic, it follows that Gr(f˜) ∩ AI is semianalytic for
every I ⊂ H . Therefore,
Gr(f˜) =
⋃
I⊂H
(Gr(f˜) ∩ AI)
is semianalytic as a finite union of semianalytic sets. It follows that f is semian-
alytic. 
8. Elementary properties
In this section we present some basic properties of semianalytic sets and maps.
Lemma 8.1. Let X be a real analytic orbifold. Let A be a semianalytic (sub-
analytic) subset of X and let W be an open subset of X. Then A ∩ W is a
semianalytic (subanalytic) subset of W .
Proof. The claim follows easily from Lemma 6.3. 
Lemma 8.2. Let X be a real analytic orbifold. Then a subset A of X is semi-
analytic (subanalytic) if and only if every point x ∈ X has an open neighborhood
U such that A ∩ U is semianalytic (subanalytic) in U .
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Proof. If A is a semianalytic (subanalytic) subset of X , we can choose U to equal
X for all x ∈ X . Assume then that A is a subset of X having the property
that every x ∈ X has an open neighborhood Ux for which A∩Ux is semianalytic
(subanalytic) in Ux. Let x ∈ X . Then there exists an orbifod chart (V˜ , G, ϕ)
with x ∈ ϕ(V˜ ) = V ⊂ Ux such that ϕ
−1(A ∩ V ) is semianalytic (subanalytic) in
V˜ . Since this holds for any x ∈ X , it follows that A is seminalytic (subanalytic)
in X . 
Compare the following proposition to Definition 6.1.
Proposition 8.3. Let X be a real analytic orbifold and let A ⊂ X. Then A is a
semianalytic (subanalytic) subset of X if and only if ϕ−1(A∩V ) is a semianalytic
(subanalytic) subset of V˜ for any orbifold chart (V˜ , G, ϕ) of X, where V = ϕ(V˜ ).
Proof. We prove the subanalytic case. The semianalytic case is similar, just the
word ”subanalytic” should everywhere be replaced by the word ”semianalytic”.
If ϕ−1(A ∩ V ) is a subanalytic subset of V˜ for every orbifold chart (V˜ , G, ϕ) of
X , then it follows from Definition 6.1 that A is subanalytic.
Assume then that A is subanalytic. Let (V˜ , G, ϕ) be an orbifold chart of X ,
and let V = ϕ(V˜ ). We have to show that ϕ−1(A ∩ V ) is a subanalytic subset of
V˜ . Let y˜ ∈ V˜ . Then y = ϕ(y˜) ∈ V . Since A is a subanalytic subset of X , there
is an orbifold chart (W˜ ,H, ψ) such that y ∈ ψ(W˜ ) = W and ψ−1(A ∩W ) is a
subanalytic subset of W˜ . Choosing W to be sufficiently small and using Lemma
6.3, we may assume that there is an embedding (λ, h) : (W˜ ,H, ψ) → (V˜ , G, ϕ).
Since ψ−1(A ∩ W ) is subanalytic in W˜ , it follows that ϕ−1(A ∩ V ) ∩ λ(W˜ ) =
λ(ψ−1(A ∩ W )) is subanalytic in λ(W˜ ). Thus, for some g ∈ G, gλ(W˜ ) is a
neighborhood of y˜ such that ϕ−1(A∩V )∩ gλ(W˜ ) is subanalytic in gλ(W˜ ). Since
y˜ was an arbitrary point of V˜ , it follows that ϕ−1(A∩V ) is subanalytic in V˜ . 
Lemma 8.4. Let X be a real analytic orbifold and let {Ai}i∈I be a locally finite
family of semianalytic (subanalytic) subsets of X. Then
⋃
i∈I Ai is a semianalytic
(subanalytic) subset of X.
Proof. Let x ∈ X . Then x has an open neighborhood U such that U ∩ Ai = ∅,
except for finitely many indices i ∈ I, say i = 1, . . . , n. The finite union
⋃n
i=1Ai
is semianalytic (subanalytic) in X . By Lemma 8.1, (
⋃
i∈I Ai)∩U = (
⋃n
i=1Ai)∩U
is semianalytic (subanalytic) in U . Since x was chosen arbitrarily, it follows from
Lemma 8.2 that
⋃
i∈I Ai is semianalytic (subanalytic) in X . 
Lemma 8.5. Let X and Y be real analytic orbifolds, A a semianalytic (subana-
lytic) subset of X and B a semianalytic (subanalytic) subset of Y . Then A× B
is a semianalytic (subanalytic) subset of X × Y .
Proof. Let (x, y) ∈ X×Y . Then there are orbifold charts (V˜ , G, ϕ) and (U˜ , H, ψ)
of X and Y , such that x ∈ ϕ(V˜ ) = V and y ∈ ψ(U˜) = U and ϕ−1(A ∩ V )
and ψ−1(B ∩ U) are semianalytic (subanalytic) in V˜ and U˜ , respectively. Since
the product of semianalytic (subanalytic) sets is semianalytic (subanalytic) in the
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manifold case (Lemmas 4.5 and 4.17 in [8]), the set (ϕ×ψ)−1((A×B)∩(V ×U)) =
ϕ−1(A ∩ V )× ψ−1(B ∩ U) is semianalytic (subanalytic) in V˜ × U˜ . 
Proposition 8.6. Let X1, X2, Y1 and Y2 be real analytic orbifolds and let f1 : X1 →
Y1 and f2 : X2 → Y2 be semianalytic (subanalytic) maps. Then the map
f1 × f2 : X1 ×X2 → Y1 × Y2, (x1, x2) 7→ (f1(x1), f2(x2)),
is semianalytic (subanalytic).
Proof. By Theorem 7.3 and Lemma 8.5, Gr(f1)× Gr(f2) is a semianalytic (sub-
analytic) subset of X1 × Y1 ×X2 × Y2. Let
f : X1 × Y1 ×X2 × Y2 → X1 ×X2 × Y1 × Y2
be the map changing the order of coordinates. Since f is a real analytic orbifold
diffeomorphism, it follows that Gr(f1 × f2) = f(Gr(f1)×Gr(f2)) is semianalytic
(subanalytic) in X1×X2×Y1×Y2. The claim now follows from Theorem 7.3. 
Proposition 8.7. Let X, Y1 and Y2 be real analytic orbifolds and let f1 : X → Y1
and f2 : X → Y2 be semianalytic (subanalytic) maps. Then the map
(f1, f2) : X → Y1 × Y2, x 7→ (f1(x), f2(x)),
is semianalytic (subanalytic).
Proof. Since f1 and f2 are semianalytic (subanalytic), it follows from Lemma
8.5, that Gr(f1) × Y2 and Gr(f2) × Y1 are semianalytic (subanalytic) subsets of
X ×Y1×Y2 and X ×Y2×Y1, respectively. Let f : X ×Y2×Y1 → X ×Y1×Y2 be
the map changing the order of coordinates. Then f(Gr(f2)×Y1) is a semianalytic
(subanalytic) subset of X × Y1 × Y2. Therefore,
Gr((f1, f2)) = (Gr(f1)× Y2) ∩ f(Gr(f2)× Y1)
is semianalytic (subanalytic) as an intersection of two semianalytic (subanalytic)
sets. It follows from Theorem 7.3, that (f1, f2) is semianalytic (subanalytic). 
9. Images and inverse images
In this section we study images and inverse images of semi- and subanalytic sets
in the orbifold case. The orbifold case is completely analogous to the manifold
case, compare Theorem 9.3 to Corollary 5.5.
Lemma 9.1. Let X and Y be real analytic orbifolds and let f : X → Y be a real
analytic map. If B is a semianalytic subset of Y , then f−1(B) is a semianalytic
subset of X.
Proof. Let x ∈ X . Then there are orbifold charts (V˜ , G, ϕ) and (U˜ , H, ψ) of
X and Y , respectively, such that x ∈ V = ϕ(V˜ ), f(x) ∈ U = ψ(U˜) and f |V
has a real analytic equivariant lift f˜ : V˜ → U˜ . By Proposition 8.3, ψ−1(B ∩ U)
is a semianalytic subset of U˜ . Since the inverse image of a semianalytic set is
semianalytic in the manifold case (Lemma 4.6 in [8]), it follows that ϕ−1(f−1(B)∩
V ) = f˜−1(ψ−1(B ∩ U)) is a semianalytic subset of V˜ . 
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Lemma 9.2. Let X be a real analytic orbifold, let x ∈ X and let U be a neigh-
borhood of x. Then x has a relatively compact neighborhood O such that O ⊂ U
and O is a semianalytic subset of X.
Proof. Let (V˜ , G, ϕ) be an orbifold chart such that x ∈ ϕ(V˜ ) = V ⊂ U . Let
x˜ ∈ V˜ be such that ϕ(x˜) = x. Now, let O˜ ⊂ V˜ be a ball with x˜ as a center. We
assume the radius of O˜ to be so small that O˜ is compact. Then O˜ is relatively
compact and semianalytic. Thus O = ϕ(O˜) is a relatively compact neighborhood
of x with O ⊂ V . Moreover, O is semianalytic, since ϕ−1(O) =
⋃
g∈G(gO˜) is
semianalytic as a finite union of semianalytic sets. 
Theorem 9.3. Let X and Y be real analytic orbifolds and let f : X → Y be a
subanalytic map. If B is a subanalytic subset of Y , then f−1(B) is a subanalytic
subset of X. If, in addition, f is a proper map, then the image f(A) of any
subanalytic subset A of X is subanalytic in Y .
Proof. Let B be a subanalytic subset of Y . Let x ∈ X and let (V˜ , G, ϕ) and
(U˜ , H, ψ) be orbifold charts of X and Y , respectively, such that x ∈ V = ϕ(V˜ ),
f(x) ∈ U = ψ(U˜), and f |V has a subanalytic equivariant lift f˜ : V˜ → U˜ . By
Proposition 8.3, ψ−1(B ∩ U) is a subanalytic subset of U˜ . By Corollary 5.5, the
inverse image f˜−1(ψ−1(B ∩U)) is subanalytic in V˜ . The first claim follows, since
ϕ−1(f−1(B) ∩ V ) = f˜−1(ψ−1(B ∩ U)).
Assume then that f is a proper map and that A is a subanalytic subset of
X . Remembering that orbifolds are paracompact and using Lemma 9.2, it is
possible to construct a locally finite open cover {Oi}i∈I of X such that each
Oi is subanalytic and each closure Oi is compact, Oi ⊂ Vi and each restriction
f | : Vi → Ui has a subanalytic equivariant lift f˜i : V˜i → U˜i, where (V˜i, Gi, ϕi) and
(U˜i, Hi, ψi) are orbifold charts of X and Y , respectively, and Vi = ϕi(V˜i) and
Ui = ψi(U˜i).
Since A∩Oi is subanalytic inX , it follows from Proposition 8.3 that ϕ
−1
i (A∩Oi)
is subanalytic in V˜i. Since ϕ
−1
i (A ∩ Oi) is relatively compact and since f˜i is
subanalytic, it follows from Corollary 5.5 that f˜i(ϕ
−1
i (A ∩ Oi)) is subanalytic in
U˜i. But then also h(f˜(ϕ
−1
i (A ∩ Oi))) is subanalytic in U˜i, for every h ∈ Hi.
Therefore,
ψ−1i (f(A ∩ Oi)) =
⋃
h∈Hi
h(f˜(ϕ−1i (A ∩ Oi)))
is subanalytic in U˜i as a finite union of subanalytic sets. Thus f(A ∩ Oi) is a
subanalytic subset of Y , for every i ∈ I. Since f is a proper map, and the cover
{Oi}i∈I is locally finite, it follows that the family {f(A ∩ Oi)}i∈I is also locally
finite. It now follows from Lemma 8.4 that
f(A) =
⋃
i∈I
f(A ∩Oi)
is a subanalytic subset of Y . 
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Corollary 9.4. Let X, Y and Z be real analytic orbifolds and let f : X → Y and
g : Y → Z be subanalytic maps. Assume g is proper. Then the composed map
g ◦ f : X → Z is subanalytic.
Proof. Let id be the identity map of X . By Proposition 8.6, the map
id× g : X × Y → X × Z
is subanalytic. Since id × g is a proper map and the set Gr(f) is subanalytic in
X×Y by Theorem 7.3, it follows from Theorem 9.3 that Gr(g◦f) = (id×g)Gr(f)
is subanalytic in X ×Z. Since g ◦ f is a continuous orbifold map, it follows from
Theorem 7.3, that g ◦ f is subanalytic. 
10. An alternative definition of a subanalytic set
In this section we show that subanalytic subsets of real analytic orbifolds could
in fact be defined in the same way as the subanalytic subsets of real analytic
manifolds.
Let X be a real analytic orbifold and let A ⊂ X . We say that A is a projection
of a semianalytic set if there exists a real analytic orbifold Y and a semianalytic
subset B of X × Y such that A = p(B), where p : X × Y → X is the projection.
Theorem 10.1. Let X be a real analytic orbifold and let A ⊂ X. Then A is a
subanalytic subset of X if and only if every point x of X has a neighborhood U
such that A ∩ U is a projection of a relatively compact semianalytic set.
Proof. First, let us assume that A is a subanalytic subset of X . Let x ∈ X . Then
there is an orbifold chart (V˜ , G, ϕ) such that x ∈ V = ϕ(V˜ ) and ϕ−1(A ∩ V ) is
subanalytic in V˜ . Let x˜ ∈ V˜ be such that x = ϕ(x˜). Then x˜ has a neighborhood
W in V˜ such that there is a real analytic manifold M and a relatively compact
semianalytic subset B of V˜ ×M with p˜(B) = ϕ−1(A∩V )∩W , where p˜ : V˜ ×M →
V˜ is the projection.
The product X ×M is a real analytic orbifold. Let p : X ×M → X be the
projection and let id be the identity map of M . Then
ϕ ◦ p˜ = p ◦ (ϕ× id).
The set (ϕ× id)(B) is relatively compact and it is semianalytic since its inverse
image (ϕ× id)−1((ϕ× id)(B)) in V˜ ×M equals the union
⋃
g∈G
(gB),
which is semianalytic as a finite union of semianalytic sets. Since p((ϕ×id)(B)) =
(A∩ V )∩ϕ(W ) = A∩ϕ(W ), and since ϕ(W ) is an open neighborhood of x, the
claim follows.
Let us then assume that the condition of the theorem holds. Let x ∈ X . Then
there is a real analytic orbifold Y and a relatively compact semianalytic subset
B of X × Y such that A ∩ U = p(B), where p : X × Y → X is the projection
and U is some neighborhood of x. Let (V˜ , G, ϕ) be an orbifold chart such that
V = ϕ(V˜ ) is a relatively compact semianalytic set and x ∈ V ⊂ V ⊂ U . Let
16 MARJA KANKAANRINTA
V ′ be an open semianalytic neighborhood of x such that V ′ ⊂ V . By Lemma
9.1, p−1(V ′) is a semianalytic subset of X × Y . Thus B ∩ p−1(V ′) is a relatively
compact semianalytic subset of X×Y , and A∩V ′ = p(B)∩V ′ = p(B∩p−1(V ′)).
Since B∩p−1(V ′) is relatively compact, it can be covered by finitely many sets
V ×Wj, j = 1, . . . , n, where the Wj are basic open sets in Y . Thus there are
orbifold charts (W˜j , Hj, ψj) of Y such that Wj = ψj(W˜j), for every j = 1, . . . , n.
Let W ′j , j = 1, . . . , n, be open semianalytic sets with W
′
j ⊂ Wj , for every j, and
such that the sets V ×W ′j cover B ∩ p
−1(V ). By Proposition 8.3,
(ϕ× ψj)
−1((B ∩ p−1(V ′)) ∩ (V ′ ×W ′j))
is a relatively compact semianalytic subset of V˜ × W˜j, for every j = 1 . . . , n. Let
p˜ : V˜ × W˜j → V˜ be the projection. By using Theorem 5.4, one can show that
Bj = ϕ
−1(p((B∩p−1(V ′))∩(V ′×W ′j))) = p˜((ϕ×ψj)
−1((B∩p−1(V ′))∩(V ′×W ′j)))
is a subanalytic subset of V˜ , for every j. It follows that
ϕ−1(A ∩ V ′) = ϕ−1(p(B) ∩ V ′) = ϕ−1(p((B ∩ p−1(V ′)) ∩
n⋃
j=1
(V ′ ×W ′j))) =
n⋃
j=1
Bj
is a subanalytic subset of V˜ . Consequently, A ∩ V ′ is a subanalytic subset of X .
By Lemma 8.2, A is subanalytic.

11. The uniformization theorem
In this section we prove a uniformization theorem for closed subanalytic subsets
of real analytic quotient orbifolds. See Theorem 0.1 in [2], for the uniformization
theorem in the manifold case. Our result follows from Theorem 2 in [9] which is
an equivariant version of Theorem 0.1 in [2].
Definition 11.1. Let X be a real analytic orbifold (resp. manifold) and let A be
a subanalytic subset of X . Let x ∈ A. Then x is a smooth point of A of dimension
k if A∩U is a real analytic suborbifold (resp. submanifold) of dimension k of X
for some neighborhood U of x. The dimension of A is the highest dimension of
its smooth points.
Lemma 11.2. Let G be a Lie group and let M be a proper real analytic G-
manifold. Assume the action of G on M is almost free. Let π : M → M/G be
the natural projection and let A be a subanalytic subset of M/G. Then π−1(A) is
a subanalytic G-invariant subset of M and dim π−1(A) = dimA + dimG.
Proof. Since π is a real analytic map, it follows from Theorem 9.3, that π−1(A) is
subanalytic. Clearly, π−1(A) is G-invariant. Let U be an open subset of M such
that π−1(A)∩U is a real analytic manifold. Then, for every g ∈ G, π−1(A)∩gU =
g(π−1(A) ∩ U) is a real analytic manifold. Consequently, π−1(A) ∩ GU is a real
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analytic manifold and A ∩ π(U) is a real analytic orbifold. Since G acts almost
freely on M , dimG/Gx = dimG, for every x ∈M . It follows that
dim (π−1(A) ∩GU) = dim (A ∩ π(U)) + dimG.
Thus dim π−1(A) ≤ dimA + dimG.
Let then V be an open subset of M/G such that A ∩ V is a real analytic
suborbifold of M/G. By Theorem 4.2, π−1(A)∩π−1(V ) = π−1(A∩V ) is a proper
real analytic G-manifold on which G acts almost freely. Thus
dim (π−1(A) ∩ π−1(V )) = dim (A ∩ V ) + dimG.
It follows that dimA ≤ dim π−1(A)− dimG, which completes the proof. 
Theorem 11.3. Let X be a real analytic quotient orbifold. Let A be a closed
subanalytic subset of X. Then there is a real analytic orbifold Y of the same
dimension as A and a proper real analytic map f : Y → X such that f(Y ) = A.
Proof. Since X is a quotient orbifold, there is a real analytic manifold M and
a Lie group G acting on M real analytically, properly and with finite isotropy
groups such that X equals the orbit space M/G. Thus we can consider A as a
subset of M/G. Let π : M → M/G be the natural projection. Then π−1(A) is
a closed subanalytic G-invariant subset of M . By Theorem 2 in [9], there exists
a proper real analytic G-manifold N , of the same dimension as π−1(A) and a
proper real analytic G-equivariant map f : N →M such that f(N) = π−1(A).
Since the isotropy group of each point of M is finite and since Gx ⊂ Gf(x),
for every x ∈ N , it follows that the isotropy group of any point of N is finite.
Thus the orbit space N/G is a real analytic quotient orbifold. The induced map
f¯ : N/G→ M/G = X is a real analytic orbifold map and f¯(N/G) = π(f(N)) =
A. By Lemma 11.2,
dimN/G = dimN − dimG = dim π−1(A)− dimG = dimA,
and the claim follows. 
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